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Abstract— This paper shows four different methods to eval-
uate multiple-output logic functions using decision diagrams:
Shared BDD (SBDD), Multi-Terminal BDD (MTBDD), BDD for
characteristic functions (CF), and BDDs for Encoded Character-
istic Function for Non-zero outputs (ECFNs). Methods to com-
pute average evaluation time for each type of decision diagrams
are presented. By experimental analysis using benchmark func-
tions, the number of nodes and average evaluation time are com-
pared. Our results show that BDDs for ECFNs outperforms
MTBDDs, BDDs for CFs, and SBDDs with respect to both num-
ber of nodes and computation time. The sizes of BDDs for ECFNs
are smaller than for MTBDDs, BDDs for CFs, and SBDDs.

1. INTRODUCTION

Various kinds of decision diagrams (DDs) exist to repre-
sent multiple-output logic functions. Among them, a multi-
terminal BDD (MTBDD), a shared BDD (SBDD), and a BDD
representing the characteristic function (BDD for CF) are pop-
ular. For a BDD for CF or an MTBDD, the evaluation time is
O(n+ m), where n is the number of input variables, and m is
the number of output variables. For an SBDD, the evaluation
time is O(n - m). BDDs for CFs and MTBDDs are suitable for
high speed evaluation. Unfortunately, the sizes of these BDDs
tend to be too large. Thus, we have to resort to SBDDs, which
require longer evaluation time.

In [71, a new data structure, a BDD for encoded characteris-
tic function for non-zero outputs (ECFN) is introduced. In this
paper, we show that by using BDDs for ECFNs, logic evalua-
tion can be more than two times faster than by using SBDDs.
Also, the size of the memory is smaller than by using SBDDs.

I1. FUNCTION EVALUATION USING BDDs

One method to represent a logic function is the branching
program [1]. Fig. 1 shows a method to convert a BDD into
a branching program. For a given logic function, construct a
BDD, as shown in Fig. 1(a). Then, replace each non-terminal
node by an if then else statement. The result is a branching
program, as shown in Fig. 1(b). Then, by implementing this
program on a computer, we can evaluate the logic function.

The time to evaluate a logic function for a given input is
proportional to the number of non-terminal nodes that appear
on the path from the root node to a terminal node.

Example 2.1 Consider the BDD in Fig. 1. When (x,,x,,%,,
x,) = (1,0,1,1) is applied, f4(1,0,1,1) =1 is evaluated, by
traversing nodes 1, 2, 3, and the constant I node. Note that
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vs: if(x; == 0) goto v5;
else goto v,;
vyt if(xy == 0) goto v3;
else goto v,;
vy: if(x; == 0) goto v,;
else goto v ;
v, if(x, == 0) goto vy;
else goto v,;
vy return(1);
vp: return(0);
(b) Branching program
generated from BDD.

(a) BDD.

Fig. 1. BDD and branching program.

this involves traversing along three edges. Fig. 1 also shows
that the minimum path length is two, while the maximum path
length is four. (End of Example)

As shown in the above example, the evaluation time depends
on the input values. To estimate the evaluation time of differ-
ent DDs, we introduce a metric average path length (APL),
which measures the average evaluation time over all possible
combinations. We measure the average evaluation time by the
APL in the BDD. We assume that each variable occurs as a 0
with the same probability as a 1. That is, at any node, a 0-edge
is as likely to be traversed as a 1-edge.

Definition 2.1 The node traversing probability, denoted by
P(v;), is the probability of traversing the node v, when a BDD
is traversed from the root node to a terminal node. The edge
traversing probability, denoted by P(eio) (P(eil )) is the prob-
ability of traversing the 0 edge (the 1 edge) from the node v;.
Since, the probabilities that 0 and 1 occur are assumed to be
equal and 1/2, we have P(e; ) = P(e; ) = P(v;)/2.
Lemma 2.1 The node traversing probability is equal to the
sum of the edge traversing probabilities of the incoming edges.

Theorem 2.1 The APL is equal to the sum of the node travers-
ing probabilities of the non-terminal nodes.

Example 2.2 Let us calculate the APL of the BDD in Fig. 2.
P(vs) = 1, and we have P(eso) = P(esl) =1/2. P(v,) =
/2. P(e4ﬂ) = P(e4,) =1/4 P(w) = P(eso) +P(e40) =
1/2+1/4 =3/4. Pley) = Pley ) = 3/8. P(v;) = 3/8.
P(ezo) = P(ezl) = 3/16. Thus, the average path length of the
BDD is given by P(vs) + P(v,) + P(v3) + P(v,) = 1 +1/2+
3/4+3/8=21/8=2.625. (End of Example)
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Fig. 3. Example of SBDD.

11, FUNCTION EVALUATION USING BDDs rOrR ECFNs

A new method to represent multiple-output functions, using
a BDD for ECFN (encoded characteristic function for non-zero
outputs) [7] is faster and requires smaller memory than SB-
DDs. This section shows the properties of the BDD for ECFN,

A. ECFN and Output Encoding Problem

An ECFN represents the mapping: F : B" x B* — B, where
u = [log, m]. ECFNs can be used in FPGA design, logic em-
ulation, embedded systems, etc.

Definition 3.1 z2° = Zandz! = z.

Definition 3.2 For an m-output function f;(i = 0,1,...,m~—
m—1

1), the ECFN is F = \/‘)zz:-l'zi'fzz---zg“ f,, where b =
i=

(by_1,b,_9, -, by) is a binary representation of the integer i,
and u = [log, m].

Zgs 215 -+ - » 2, Ar€ auxiliary variables. In the above definition,
integer i is represented by a binary vector b using the natural
encoding.

Example 3.1 The ECFN for the four-output function
shown in Fig. 3 is F = Z2\3,fy V Z)2/1 VY 2,30 /f5 V 2,20 f.
(End of Example)

Note that different encodings can simplify the representation.
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TABLEI
ENCODING METHODS FOR FOUR-OUTPUT FUNCTION.

2|24 Encoding 1{Encoding 2
0l0 Jo Jo
01 5 /i
110 5 A
11 5 5

Fig. 4. BDD for multiple-output function using auxiliary variables.

Example 3.2 Consider the four-output function F = (fy, f;,
for f3), where fy =0, fy =X, f, = x,, and f; =x, Vx,. The
ECFN F, generated by Encoding I in Table I'is F| = Z,7,f, V
2120 /1 V 2120 fo V 2124 f3. In this case, we have F| = Z,Z,0V
Z,20%, V 2.25%, V 2,20(%) VXy) = 29X, V Z,X,.

The ECFN F, generated by Encoding2 in Table I is F, =
22, fo VEi20f1V 2120 /3 V 2,20 f5. In this case, we have F, =
21200V Z,20x) V220 (x, VXy) VZ120%, = Z120%, V21 2%, V 2%,

This example shows that encodings influence the size of the
representation. (End of Example)

Fig. 3 shows an example of SBDD to represent a multiple-
output function. By attaching a tree to select the output we
have an SBDD™. Note that we use log,4 = 2 auxiliary vari-
ables to represent the output.

B. Optimization of BDDs for ECFNs

The BDD shown in Fig. 4 can be considered as a special case
of a BDD for ECFN. As shown in Fig. S, in an SBDD*, the
auxiliary variables appear above the input variables. However,
in a general, the auxiliary variables and the input variables can
be mixed together in the BDD for ECFN. By optimizing the
ordering of the input and the auxiliary variables, the BDD can
be minimized.

Definition 3.3 The number of nodes in the BDD (includ-
ing both non-terminal and terminal nodes) is denoted by
nodes(BDD).

Theorem 3.1 nodes(BDD for ECFN) < nodes(SBDD)

Example 3.3 Let the BDD in Fig. 4 be a BDD for ECFN.
When we optimize the ordering of the variables, the BDD for
ECFN shown in Fig. 6 is obtained, (End of Example)
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Fig. 7. Method to traverse BDD
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In this way, a BDD for ECFN can be made smaller than the cor-
responding SBDD*. By optimizing both the output encoding
and the variable ordering, we can obtain the BDD for ECFN
having fewer nodes than the corresponding SBDD*.

C. Fast Evaluation using BDDs for ECFNs

By using the BDD for ECFN in Fig. 6, we can save memory
and evaluate functions faster than the corresponding SBDD*.
For example, when we apply the input (x;,x,,%;,%) =
(1,1,0,0) to the BDD in Fig. 6, we can see that all the out-
puts fy, £, f5, and f; are 1. On the other hand, if we use the
SBDD™ in Fig. 4, we need to traverse the BDD four times.
This shows that a BDD for ECFN often evaluates several out-
puts in one traversal.

Example 3.4 Consider the BDD for ECFN shown in Fig. 7.
Note that not all the auxiliary variables appear in a path from
the root to a terminal node. Let (x|,x,,xy) = (1,1,1) be an
input to the BDD for ECFN. By traversing five paths 0 through
path 4, we can evaluate eight outputs (0,1,1,1,0,1,0,1). In
fact, in the path 0, f is evaluated; in the path 1, f, is evalu-
ated, in the path 2, f, and [, are evaluated; in the path 3, f,
and f, are evaluated; in the path 4, f5 and f; are evaluated.

(End of Example)

From here, we will show a fast method to evaluate a BDD for
ECFN. During BDD traversal, when we encounter an auxiliary

variable, by searching both subtrees for 0-edge and 1-edge, we
can evaluate all the outputs efficiently.

Algorithm 3.1 (Evaluation of Muitiple-Output Function us-
ing a BDD for ECFN)

Let the input variables be X = (x|,%,,...,X,) and the aux-
iliary variables be Z = (z,,2,,...,2,_,) and the outputs be
Y= (Yo:V1s-- V1) Set the input vector to X, and let Z be
(d,d,...,d), and let v be the root node, where d denotes don't
care. Search the BDD recursively from the root node.

1. When v is a non-terminal node.

(a) When v represents an input variable.

& i is the index of the input variable for v.

o Ifx; =0, then v « 0-edge of v, and do recur-
sion.

o Ifx; =1, then v + I-edge of v, and do recur-
sion.

(b) When v represents an auxiliary variable.
e j is the index of an auxiliary variable for v.
® z; + 0, v & O-edge of v, and do recursion.
®z 1, v & 1l-edge of v, and do recursion.
®z¢d.

2. When v is a terminal node.
Set the output value to y,. When the value of 2 is d then
expand to O and 1. For example, if Z = (0,d,0) then ex-
pand to (0,0,0) = 0 and (0,1,0) = 2, and set the output
values to y, and y,. If all the output values have been
obtained, stop the aigorithm.

Example 3.5 Consider the evaluation of the BDD for ECFN
shown in Fig. 7 by using Algorithm 3.1. Let the input vector
be (xy,xy,%3) = (1,1,1) and v <~ v|. The node v| represents
the input variable x,. Since the value of x is 1, v + v, and
do recursion. Since the node v, represents the auxiliary vari-
able z, z, «+ 0, v < v,, and do recursion. Since the node
v, represents the auxiliary variable zy, z] + 0, v Vs, and
do recursion. Since the node v represents the auxiliary vari-
able zy, zy + 0, v & vy, and do recursion. The node vq is
the terminal node 0. Since Z = (0,0,0), the value of y, is
0. Return to the node vs and set zy + 1, v < v,, and do re-
cursion. The node v, represents the input variable x;. Since
the value of xy is 1, v <~ vy and do recursion. The node v
is the terminal node 1. Since Z = (0,0,1), the value of y, is
1. Return to the node v and set zy - d. Return to the node
vy and set z) < 1, v « v,, and do recursion. The node v,
represents the input variable x;. Since the value of Xy is 1,
v & v, and do recursion. Since Z = (0,1,d), the values of y,
and y, are 1. Return fo the node v, and set z; + d. Return
to the node v, and set z, < 1, v « v,, and do recursion. The
node v, represents the input variable x,. Since the value of x,
is 1, v & v¢ and do recursion. Since the node vy represents
the auxiliary variable z, z, < 0, v < vg, and do recursion.
Since Z = (1,d,0), the values of y, and yg are 0. Return to
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TABLE II
AVERAGE NUMBER OF NODES AND EVALUATION TIME OF DECISION
DIAGRAMS.
Name #| #| MTBDD BDD for SBDDY | BDD for
In{Out CF ECFN

Nod | Tra | Nod | Tra |Nod| Tra [Nod! Tra
apex1 (45| 45| 942| 8.8 3594 76.3]1324/269.8/1087| 31.8
apex3 [54[ SO 537) 6.6] 2449| 81.6) 986]286.6] 708| 28.2
duke2 (22| 29 662( 6.4 997| 49.9] 366(150.3| 346| 22.5
e64 65( 65 1311 2.0 260] 99.5{ 194(256.0{ 194{256.0
exep [30] 63] 1170/ 7.8] 3030j102.3| 675]255.7] 660j 38.0
k2 45( 45 929! 8.8| 3594} 76.3|1321{269.8|1167| 29.1
mainpla|27} 54| 632 4.2| 3114| 85.2|1857[277.5|1018] 49.2
markl {20| 317 4138 6.4| 745} 52.9| 119(115.7| 117]109.2
misex2 [25] 18 118 4.9 184| 31.9] 100{ 75.6] 98| 189
opa 17} 69 241| 4.4) 1778|107.9| 428)322.2] 364] 37.8
pdc 16| 40f 19178 10.2| 5852{ 70.2| 596|215.4] 590}181.1
rckl 321 7 65 2.0 135| 12.5{ 198(100.6] 67| 4.8
seq 41( 35| 378| 3.3( 1197| 55.8(1284(168.0{ 493 28.2
shift 19| 16/196095| 15.5] 3746) 39.5| 78| 86.0] 62| 55.0
spla 16| 46] 11100] 9.7| 7522 78.1| 628j226.6] 604| 99.9
2 17] 16 304 7.5 484 31.7| 145] 72.9| 140| 44.9
table5 |17] 15| 436] 8.0 677| 30.5] 685|114.1] 476 10.6
ts10  [22| 16{589837] 5.5|589826] 31.5| 163| 88.0] 83| 14.5
vg2 25| 8} 420| 11.8] 471] 23.8| 90] 48.9] 82| 45.7
xldn |27] 6] 214 9.8] 245| 21.2] 139| 41.0| 139] 41.0
x6dn |39] S 195| 4.1 225( 11.6( 235( 41.2| 193 13.4
x9dn |27} 7| 292| 9.8] 237 20.3| 139| 50.4] 139) 50.4
xparc (41| 73| 3844| 3.6] 4773|113.1]1947(304.8(1232| 21.8
Ratio 271.310.072] 162.5[ 0.36] 1.0{ 1.0|0.81| 0.41

Nod: Number of terminal and non-terminal nodes

Min: When the auxiliary variables can be any place

Tra: Average number of edge traversal

Ratio: Average of ratios when the value for SBDD is 1.0

the node v¢ and set zy < 1, v & vy, and do recursion. Since
Z=(1,d,1), the values of y5 and y, are 1. Since all the output
values have been obtained, stop the algorithm. We have the
output vector (¥,¥1,¥2,Y3:Ya¥s,Ye:¥7) = (0,1,1,1,0,1,0,1).

(End of Example)

The average evaluation time is obtained from the APL,
which can be obtained similarly to the case of BDDs.

IV. EXPERIMENTAL RESULTS

For the selected MCNC benchmark functions [9], we con-
structed MTBDDs, BDDs for CFs [1, 8), and SBDD*s. Ta-
ble II compares the average number of nodes and evalua-
tion time of those decision diagrams. To construct BDDs for
ECFNs, we used the encoding method presented in [6] and [7].
In the table, Name denotes the function’s name, In denotes the
number of inputs, Out denotes the number of outputs, Nod de-
notes the number of nodes, and Tra denotes the average num-
ber of edge traversal to evaluate all the outputs. For MTBDDs,
Tra corresponds to the APL.

This table shows that sizes of BDDs for ECFNs are 81%
of corresponding SBDD*. Also, the average number of edge
traversal is 41% of corresponding SBDD*. However, because
of the overhead for implementation the recursive traversal pro-
cedure, the time for one edge traversal in a BDD for ECFN is
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longer than in the SBDD*. The average evaluation time for
MTBDDs and BDDs for CFs are smaller, but they are very
large.

V. SUMMARY

In this paper, we presented four different methods to rep-
resent multiple-output functions by BDDs. We compared the
sizes and the average number of edge traversal. Theoretically,
decision-diagram (DD) based function evaluation is orders-of-
magnitude faster than traditional logic simulation methods [4].
The number of input variables is typically smaller than the
number of gates in the circuit, which is the complexity of lev-
elized complied-code simulation [1]. Unfortunately, the sizes
of MTBDDs and BDDs for CFs grow very quickly.

Our experiments show that the functional evaluation using a
BDD for ECFN is at least two times faster than SBDD™ for the
functions in Table II. The applications of the method include
software synthesis [3] and logic simulation of small-scale cir-
cuits.
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